Abstract. In this note we define a generalization of Hall-Littlewood symmetric functions using formal group law and give an elementary proof of the generating function formula for the generalized Hall-Littlewood symmetric functions. We also give some applications of this formula.
Introduction
Let 1 ≤ r ≤ n be positive integers. Given a sequence λ = (λ 1 , . . . , λ r ) of positive integers of length r, a formal power series T (x, y) and a formal Laurent series H(z), we define generalized Hall-Littlewood symmetric function Q F λ 1 ,...,λr (x 1 , . . . , x n ; T, H) using formal group law F (x, y). For additive group law case F (x, y) = x + y, by specifying T (x, y) = x − ty and H(z) = 1, this becomes usual Hall-Littlewood Q-symmetric function defined in Macdonald's Book [Mac] .(cf. Definition 2 below.) In [NN] Nakagawa and the author defined universal Hall-Littlewood function H L λ (x 1 , . . . , x n ; t) for a partition λ. If λ is a strict partition, then it is a specialization of generalized Hall-Littlewood function but in general these are different.
We do not go into the details related to geometry. Actually the formulation for generating function and its proof is almost the same as [Mac] . After the proof of this elementary one, we found another simple proof in [NN2] using push-forward formula. But the proof in this paper only uses elementary algebraic manipulation and does not use topological argument such as Quillen's push-forward formula.
2. Formula for the generating functions and their proof 2.1. Formal group law. Formal group law (cf. [LM] ) is a formal power series in two variables
with a i,j 's been required to satisfy the following two properties.
(1) commutativity
Associated to a formal group law F , we define a formal power series P F (z) as follows.
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, whereȳ is the inverse of y, i.e. it satisfies F (y,ȳ) = 0.
Lemma 1. P F (x, y) is invertible and P F (x, x) = P F (x).
Proof.
We use the notation, the derivative with respect to the first variable of F , as
Then by definition P F (x) = F 1 (0, x). We can use associativity of F F (x, F (y, z)) = F (F (x, y), z).
By partially differentiating both side with variable x, we get
By substituting x = 0 and z =ȳ, we have
Finally using this equation we can deduce
which is what we want to prove. QED For the rest of this paper we assume that the formal group law F (x, y) is written as F (x, y) = exp F (log F (x) + log F (y)) using appropriate exp F and log F . Then we can define formal multiplication by a variable t by [t] F x := exp F (t log F (x)). The inverse of x can be written asx = [−1] F x. We sometimes drop the notation F and just write [t]x. 2.2. Generalized Hall-Littlewood function. We will generalize the usual Hall-Littlewood function using formal group law F . Actually we further generalize Hall-Littlewood function using a formal power series T (x, y) and a formal Laurent series H(z). For a formal Laurent series L(z), we write [
We also allow the case of L(z) = i∈Z c i z i with all coefficients are non-zero. For example 1 1+βz
..,λr (x 1 , . . . , x n ; T, H) for a positive integer sequence λ = (λ 1 , . . . , λ r ) as follows. Let S n be the symmetric group acting on x 1 , . . . , x n . Definition 2. (Generalized Hall-Littlewood function associated to F, T, H)
where
We sometimes drop the notations F, T, H and write this function as just Q λ (x 1 , . . . , x n ).
Definition 3. We especially consider the following two cases.
(
When F (x, y) = x + y, HQ λ (x; t) becomes the Hall-Littlewood Q-function and for a strict partiton λ, HP λ (x; t) becomes the Hall-Littlewood P -function defined in [Mac] . For the connective K-theory F = F CK (x, y) = x + y + βxy case, specializing t = −1, these become K-theoretic Schur Q-and P -functions GQ λ (x) and GP λ (x) defined in [IN] .
Lemma 4. Let T (x, y) be a formal power series in x and y, and H(z) be a formal Laurent series in z with pole of order
we have
Proof. The expression we consider is
We define
This is a formal power series in the variable z. When specializing z = x k (k = 1, 2, . . . , n), it vanishes. Therefore we can write
where B(z) is a formal power series in z. By dividing this by
By taking the coefficients of z ℓ−k , we have the claim. QED
Corollary 5. When we set T (x, y) = F (x, [t]ȳ) and H(z) = 1, we have an equality
where N F (z; x 1 , . . . , x n ; t) is a formal power series in the variable z.
Remark 6. For connective K-theory case F CK (x, y) = x + y + βxy, we can prove that
,
we have an equality
where M F (z; x 1 , . . . , x n ; t) is a formal power series in the variable z.
Remark 8. For connective K-theory case F CK (x, y) = x + y + βxy, we can prove that
cf. Proposition 13.
and set
Assume that H(z) is a formal Laurent series in z with pole of order ℓ ≥ 0. Then for a sequence of positive integers λ 1 , . . . , λ r > ℓ , (r ≤ n),
Proof. (cf. Macdonald's Book [Mac] P.211 Proof of (2.15) ) We will show that for a sequence of positive integers λ = (λ 1 , . . . , λ r ) the coefficient of
For the case r = 1 it follows by Lemma 4. Assume r ≥ 2. By definition
.
We can expand the last product as a formal power series in z 1 as follows.
On the other hand by Lemma 4 the coefficient of z
But by definition
So by substituting this we get [z
where we used the notation that A (i) (z 2 , . . . , z r ) is A(z 2 , . . . , z r ) specialized to x i = 0.
By induction hypothesis, the coefficient of z
which is easily seen to be equal to Q (λ 1 ,...,λr) (x 1 , . . . , x n ). QED Remark 10. We can modify the above proof so that each A(z) has different H(z). This gives a formula for factorial version and its Determinant-Pfaffian formula. For example for a given λ = (λ 1 , . . . , λ r ) of positive integer sequence,
as factorial power and (x|b)
We set x ⊕ y := F CK (x, y) = x + y + βxy and x ⊖ y := F CK (x,ȳ) =
x−y 1+βy
. Geometric proof of Corollary 11 below is in [HIMN] .
Corollary 11. (Determinant-Pfaffian formula) Assume F = F CK (x, y) is the connected K-theory and λ is a partition of length r. Assume T (x, y) = F (x, [t]ȳ) and H(z) = 1 or
. Then, for t = 0 we have a determinantal formula
and for t = −1 we have a Pfaffian formula (in this case we assume r to be even)
Proof. For determinantal formula, we can use the identity
Then the assertions follows from Theorem 9. For Pfaffian formula, by Theorem 9,
QED 2.3. Non-negative power part.
Proposition 12. For F = F CK (x, y) = x + y + βxy, we have N F (z; x 1 , . . . , x n ; t) = 1 1 + βz Proof. We will prove
Then we can substitute w i = [t]x i (i = 1, . . . , n) to get the assertion of the proposition. By multiplying (1 + βz)
But both sides are polynomial in z of degree n and the equation has n solutions z = x i (i = 1, . . . , n). So we need to prove the top degree terms have the same coefficient. It gives the equality
QED
Proposition 13. t = −1 and F = F CK is the connective K-theory case, we have M F (z; x 1 , . . . , x n ; t = −1) = 1 (1 + βz)(2 + βz) − βGP 1 (x 1 , . . . , x n ) 2 + βz .
(1 + βx i ).
Proof.
We need to show
For this we multiply (1 + βz)(2 + βz)
(z ⊖ x i ) on both sides.
Therefore we need to show
This holds for z = x 1 , . . . , x n . So we need to check that the coefficients of z n+1 on the right hand side is zero and the coefficients of z n are the same for both sides. The coefficient of z n+1 on the right hand side is
The coefficient of z n on the right hand side is
As the left hand side is
(1 + βx i ) = 1 + βGP 1 , so we get the result. QED
Application
In this section we explain how the generating function can be used to give a formula such as Pieri rule.
3.1. two row in terms of one rows. We explain for the case of K-theory and t = −1, i.e. express GQ k,ℓ in terms of GQ p × GQ q .
where g i,j := (−1)
− δ j,0 and δ i,j is the Kronecker delta .
Proof.
The assertion follows from the equation below. Proof. We will compare the coefficients of z (1) GQ k × GQ l = (GQ k,l + 2βGQ k+1,l + β 2 GQ k+2,l )
QED
(2GQ k+i,l−i + 3βGQ k+1+i,l−i + β 2 GQ k+2+i,l−i ) +(2GQ k+l,0 + βGQ k+l+1,0 ) (2) GP k × GP 1 = GP k,1 + βGP k+1,1 + GP k+1 For k ≥ l ≥ 2, GP k × GP l = (GP k,l + 2βGP k+1,l + β 2 GP k+2,l )
(2GP k+i,l−i + 3βGP k+1+i,l−i + β 2 GP k+2+i,l−i ) +(2GP k+l,1 + 2βGP k+l+1,1 ) +GP k+l .
Proof. These follows from Lemma 17. QED
